Instability in Leapfrog and Forward–Backward Schemes by Sun, Wen-yih
Purdue University
Purdue e-Pubs
Department of Earth, Atmospheric, and Planetary
Sciences Faculty Publications
Department of Earth, Atmospheric, and Planetary
Sciences
11-2009




Follow this and additional works at: http://docs.lib.purdue.edu/easpubs
Part of the Atmospheric Sciences Commons
This document has been made available through Purdue e-Pubs, a service of the Purdue University Libraries. Please contact epubs@purdue.edu for
additional information.
Repository Citation
Sun, Wen-yih, "Instability in Leapfrog and Forward–Backward Schemes" (2009). Department of Earth, Atmospheric, and Planetary
Sciences Faculty Publications. Paper 157.
http://dx.doi.org/10.1175/2009MWR3127.1
Instability in Leapfrog and Forward–Backward Schemes
WEN-YIH SUN
Department of Earth and Atmospheric Sciences, Purdue University, West Lafayette, Indiana, and
Department of Atmospheric Sciences, National Central Univeristy, Chung-Li, Tao-Yuan, Taiwan
(Manuscript received 1 July 2009, in final form 23 November 2009)
ABSTRACT
This paper shows that in the linearized shallow-water equations, the numerical schemes can become weakly
unstable for the 2Dx wave in the C grid when the Courant number is 1 in the forward–backward scheme and
0.5 in the leapfrog scheme because of the repeated eigenvalues in the matrices. The instability can be am-
plified and spread to other waves and smaller Courant number if the diffusion term is included. However,
Shuman smoothing can control the instability.
1. Introduction
The forward–backward in time and the leapfrog schemes
have been applied to the shallow-water equations by
Mesinger and Arakawa (1976), Haltiner and Williams
(1980), and the internal gravity waves by Sun (1980, 1984)
and many others. However, they can be unstable for 2Dx
waves because of the repeated eigenvalues when Courant
number (Co) is 0.5 in the leapfrog scheme (LF) or Cou-
rant number is 1 in the forward–backward schemes (FB)
in C grid because of the existence of repeated eigenvalues.
The weak instability of the LF for a simplified wave
equation at 2Dx wave and Co 5 0.5 has also been dis-
cussed by Durran (1999). For an unstaggered grid, the
critical Courant number is 1 (Durran 1999). Here, we
provide a detailed discussion on instability of the FB
scheme at Co 5 1. It is also found that the instability will
be amplified and spread to the longer waves if the diffu-
sion terms are added in both schemes. On the other hand,
Shuman smoothing can be applied to control the insta-
bility for both schemes in the shallow-water equations.
2. Numerical schemes and eigenvalues

















where H is the mean depth, g is gravity, h and u are depth
perturbation and velocity, and n is viscosity. The control
parameter is d 5 0 or 1, because viscosity is frequently
applied in the momentum equations, but may not be
applied in the equation of mass field h (or density in the
compress fluid; Versteeg and Malalasekera 1995).
In the staggered C grids, the finite-difference equa-



















where q 5 p 6 ½, Dx is the spatial interval between the p
and p 1 1 grid points. If a wave-type solution at the nth















, and ûn are the amplitude of h and u
at the nth time step; k is the wavenumber. The difference
equations become
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exp(ikDx) 2 1 exp(ikDx)
Dx2
ûn
5igĥn11X  nX2ûn. (5b)














The eigenvalue of (6) is









where X 5 sin(kDx/2)/(Dx/2), R2 5 gHDt2X2 5 (CXDt)2,




. For simplicity, we set g 5 1,
H 5 1, and Dx 5 1.
Following the same procedure, the difference equa-
tions for the LF scheme are






hn1p11  2hn1p 1 hn1p1
Dx2






un1p11  2un1p 1 un1p1
Dx2
. (8)

















exp(ikDx) 2 1 exp(ikDx)
Dx2
ûn1
5igĥnX  nX2ûn1. (9b)
The eigenvalue is
l2 5 [1 (1 1 d)S2  2R2]
6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi




l 5 6iR 6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2S2  R2
p
(10b)
if d 5 1.
3. Results and discussion
a. Results without viscosity
Without viscosity (i.e., n 5 0), the FB is neutrally stable,
jlj5 1, as long as the Courant number Co 5 CDt/Dx , 1
according to (7); and the LF is also neutrally stable when
Co 5 CDt/Dx , 0.5 according to (10a) (Mesinger and
Arakawa 1976; Haltiner and Williams 1980).
However, the FB has repeated eigenvalues l1,2 5
[(2 R2) 6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(2 R2)2  4
q
]/2 5 21 for 2Dx waves at
Co 5 1, because R2 5(CDtX)25[CDt sin(kDx/2)/Dx/2]2 5



































































































Hence, the FB becomes weakly unstable, the magnitude
linearly increases with time step and with 2Dt oscillation.
When Co 5 0.5, (i.e., R 5 1), and S2 5 0, (i.e., n 5 0),









5 i. Hence, it becomes weakly
unstable, as does the FB scheme. The weakly instability
of the LF in a simplified wave equation for 2Dx wave at
Co 5 0.5 has been discussed by Durran (1999) and will
not be repeated here.
b. Results with viscosity
Diffusion has been frequently applied to control the
noise of the short waves in equations, because the am-
plification factor is l 5 1 S2 5 1 nDtX2 when the
forward-in-time and centered-in-space scheme is applied
to the diffusion equation (Sun 1982). In the FB, viscous
terms create unstable 2Dx and 3Dx waves at Co 5 1, and
unstable 2Dx wave at Co 5 0.8. However, the growth rate
becomes less than 1 for longer waves and the maximum
damping occurs at 4Dx or 3Dx waves (Fig. 1).
In the LF, if R2 5 1, from (10b) we obtain
l 5 6iR 6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 2S2  R2
p





Since the maximum value of jlj is greater than 1 for
S2 . 0, the FL is also unstable for R2 5 1, (i.e., 2Dx wave
with Co 5 0.5). The amplification factor for 2Dx wave 5 2
for n 5 0.25 (i.e., S2 5 0.5), as shown in Fig. 2, because
the viscous term enhances the 2Dt oscillation for the
short waves (wavelength # 3Dx). Instability also shows
up for 2Dx wave when n . 0.13 for Co 5 0.4. Viscosity
has the largest damping at 4Dx waves when Co 5 1 in FB
and Co 5 0.5 in LF and at 3Dx waves when Co 5 0.8 in
FB and Co 5 0.4 in LF. The effect of viscosity on FB and
FIG. 1. Growth rate for forward–backward scheme as function of wavelength (Dx) and viscosity (n) at (a) Co 5 1 and
(b) Co 5 0.8.
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LF are similar. Direct integrating (5) and (9) confirms
the viscous term amplifying instability of 2Dx or 3Dx
waves. The instability becomes weaker with d 5 0.
c. Results with Shuman smoothing, but
without viscosity
If we integrate (5) and (9) directly with g 5 1, H 5 1,
(i.e., C 5 1), and Dx 5 1. The initial values of u and h are
ĥ
0
5 1.0 and û0 5 0.0 for different wavelengths, which
represents the wave at the peak potential energy, but
without kinetic energy initially and is a popular initial
condition.
With n 5 0 and Co 5 1, the time sequences of ĥ
n
in-
tegrated from FB as function of wavelength are shown in
Table 1; the values of ĥ
n
integrated using LF with Co 5
0.5 are shown in Table 2. In the leapfrog scheme, the first
time step is integrated with a centered difference in
space and forward in time. In addition to 2Dt oscilla-
tions, the magnitude of ĥ
n
increases linearly with time
for 2Dx wave in both schemes.
A simple fourth-order Shuman smoothing (Haltiner
and Williams 1980) is applied to the prognostic variables
u and h immediately after the new values are calculated
at each time step. The damping factor is Sh 5 1 
[2h sin2(kDx/2)]2, where h is the smoothing coefficient.
In the FB scheme, the eigenvalue l in (14a) is replaced
by l9 5 Sh 3 l. The magnitude of n(l9)n1 starts de-
creasing when n becomes large. On the other hand, the
magnitude of n(l)n1 linearly increases with n, as shown
TABLE 1. Time sequence of height perturbation as function of
wavelength for forward–backward scheme (n 5 0, h 5 0, and Co 5 1).
nth 2Dx 3Dx 4Dx 5Dx 6Dx 7Dx 8Dx
0 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 23.000 22.000 21.000 20.382 0.000 0.247 0.414
3 5.000 1.000 21.000 21.240 21.000 20.692 20.414
4 27.000 1.000 1.000 20.382 21.000 21.110 21.000
5 9.000 22.000 1.000 1.000 20.000 20.692 21.000
6 211.00 1.000 21.000 1.000 1.000 0.247 20.414
7 13.00 1.000 21.000 20.382 1.000 1.000 0.414
8 215.00 22.000 1.000 21.240 0.000 1.000 1.000
9 17.00 1.000 1.000 20.382 21.000 0.247 1.000
10 219.00 1.000 21.000 1.000 21.000 20.692 0.414
TABLE 2. Time sequence of height perturbation as function of
wavelength for leapfrog scheme (n 5 0, h 5 0, and Co 5 0.5).
nth 2Dx 3Dx 4Dx 5Dx 6Dx 7Dx 8Dx
0 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 21.000 20.500 0.000 0.309 0.500 0.623 0.707
3 23.000 22.000 21.000 20.382 0.000 0.247 0.414
4 1.000 20.500 21.000 20.809 20.500 20.223 20.000
5 5.000 1.000 21.000 21.240 21.000 20.692 20.414
6 21.000 1.000 20.000 20.809 21.000 20.901 20.707
7 27.000 1.000 1.000 20.382 21.000 21.110 21.000
8 1.000 20.500 1.000 0.309 20.500 20.901 21.000
9 9.000 22.000 1.000 1.000 20.000 20.692 21.000
10 21.000 20.500 0.000 1.000 0.500 20.223 20.707
FIG. 2. Growth rate for leapfrog scheme as function of wavelength (Dx) and viscosity (n) at (a) Co 5 0.5
and (b) Co 5 0.4.
1500 M O N T H L Y W E A T H E R R E V I E W VOLUME 138
in Fig. 3. Hence, smoothing can remove the weak in-
stability. The time sequences obtained from the direct
integration with smoothing shown in Tables 3 and 4
confirm that smoothing (with h 5 0.15) can control the
instability of 2Dx wave in both FB and LF.
4. Summary
In shallow-water equations, the forward–backward
and leapfrog schemes can become unstable for 2Dx
wave at Co 5 1 in the FB and Co 5 0.5 in the LF because
of the multiplicity of eigenvalue for 2Dx waves in both
schemes. Instability will be amplified and spread to 3Dx
waves by adding viscous terms, because it enhances the
2Dt oscillation, which creates unstable 2Dx and/or 3Dx
waves for both schemes. However, Shuman smoothing
can dampen the short waves instability in both schemes.
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TABLE 4. As in Table 2, but with smoothing (n 5 0, h 5 0.15,
and Co 5 0.5).
nth 2Dx 3Dx 4Dx 5Dx 6Dx 7Dx 8Dx
0 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1 0.910 0.949 0.977 0.989 0.994 0.997 0.998
2 20.746 20.403 0.022 0.313 0.500 0.623 0.706
3 21.910 21.540 20.870 20.345 0.011 0.250 0.415
4 0.199 20.567 20.933 20.771 20.483 20.215 0.003
5 1.760 0.288 20.970 21.170 20.967 20.676 20.407
6 0.309 0.751 20.081 20.789 20.975 20.885 20.698
7 20.801 1.110 0.750 20.406 20.977 21.090 20.986
8 20.544 20.052 0.866 0.249 20.500 20.888 20.988
9 20.303 21.040 0.954 0.882 20.027 20.686 20.989
10 0.461 20.605 0.132 0.921 0.459 20.229 20.701
11 0.990 20.203 20.639 0.949 0.934 0.225 20.415
12 20.179 0.478 20.800 0.339 0.950 0.595 20.008
13 21.040 1.040 20.933 20.256 0.961 0.959 0.397
14 20.119 0.175 20.175 20.678 0.499 0.967 0.687
15 0.575 20.568 0.536 21.080 0.042 0.971 0.973
16 0.287 20.535 0.736 20.755 20.435 0.614 0.977
17 0.046 20.479 0.906 20.433 20.902 0.259 0.979
18 20.276 0.233 0.212 0.181 20.926 20.193 0.697
19 20.492 0.829 20.441 0.773 20.944 20.640 0.415
TABLE 3. As in Table 1, but with smoothing (n 5 0, h 5 0.15,
and Co 5 1).
nth 2Dx 3Dx 4Dx 5Dx 6Dx 7Dx 8Dx
0 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1 0.910 0.949 0.977 0.989 0.994 0.997 0.998
2 22.190 21.670 20.913 20.359 0.006 0.248 0.414
3 2.510 0.486 20.974 21.190 20.978 20.682 20.410
4 21.93E 1.110 0.829 20.395 20.983 21.100 20.991
5 0.809 21.330 0.967 0.920 20.016 20.687 20.992
6 0.395 0.072 20.750 0.963 0.956 0.233 20.414
7 21.260 1.140 20.957 20.298 0.972 0.973 0.403
8 1.550 20.985 0.674 21.130 0.027 0.980 0.982
9 21.270 20.237 0.944 20.415 20.934 0.254 0.985
10 0.616 1.080 20.603 0.844 20.961 20.658 0.414
11 0.136 20.654 20.929 0.935 20.037 21.070 20.397
12 20.713 20.445 0.535 20.241 0.913 20.680 20.973
13 0.951 0.948 0.911 21.070 0.949 0.217 20.979
14 20.829 20.362 20.471 20.432 0.047 0.946 20.414
15 0.450 20.563 20.891 0.773 20.892 0.963 0.391
16 0.015 0.780 0.411 0.906 20.938 0.259 0.964
17 20.395 20.121 0.870 20.189 20.056 20.634 0.973
18 0.577 20.606 20.354 21.010 0.872 21.050 0.413
19 20.534 0.596 20.846 20.445 0.927 20.674 20.385
FIG. 3. Magnitude of n(21)n21 (dashed line) and n(20.91)n21
(solid line) as a function of the nth time step, where l9 5 Sh 3 l 5
0.91 for h 5 0.15.
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